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Abstract 

Consider Vlasov-Poisson system with a fixed ion background and pe- 
riodic condition on the space variables, in any dimension d > 2. First, we 
show that for general homogeneous equilibrium and any periodic a;— box, 
within any small neighborhood in the Sobolev space W^'^^ (p>l,s<l+i)of 
the steady distribution function, there exist nontrivial travelling wave so- 
lutions (BGK waves) with arbitrary traveling speed. This implies that 
nonlinear Landau damping is not true in W"''' (s < 1 -I- i) space for any 
homogeneous equilibria and in any period box. The BGK waves con- 
structed are one dimensional, that is, depending only on one space vari- 
able. Higher dimensional BGK waves are shown to not exist. Second, for 
homogeneous equilibria satisfying Penrose's linear stability condition, we 
prove that there exist no nontrivial invariant structures in the (l -I- |?;|^) - 
weighted H^^^ (b > s > |) neighborhood. Since arbitrarilly small 

BGK waves can also be constructed near any homogeneous equilibria in 
such weighted „ (s < |) norm, this shows that s = | is the critical 
regularity for the existence of nontrivial invariant structures near stable 
homogeneous equilibria. These generalize our previous results in the one 
dimensional case. 

1 Introduction 

Consider a collisionless electron plasma with a fixed homogeneous neutrahzing 
ion background. The Vlasov-Poisson system in d dimension is 

dtf + v-V,f-E-V,f = 0, (la) 



E = ~V,cj), -Acj) = f dv + 1, (lb) 

where f{t,x,v) > is the distribution function, E{x,t) is the electrical field 
and <j) (x, t) is the electrical potential. We consider the Vlasov-Poisson system 
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in a X— periodic box, with periods Ti in Xi. In 1946, Landau [5], looking for 
analytical solutions of the linearized Vlasov-Poisson system around Maxwellian 
{e~^'"^ , 0^ , pointed out that the electric field is subject to time decay even in the 
absence of collisions. The effect of this Landau damping, as it is subsequently 
called, plays a fundamental role in the study of plasma physics. However, Lan- 
dau's treatment is in the linear regime; that is, only for infinitesimally small 
initial perturbations. Recently, nonlinear Landau damping was shown ([H]) for 
analytical perturbations of stable equilibria with linear exponential decay. For 
general perturbations in Sobolev spaces, the proof of nonlinear damping remains 
open. We refer to [9] [12] for more discussions and references on this topic. In [9], 
the following results were obtained for ID Vlasov-Poisson system: First, we show 
that for general homogeneous equilibria, within any small neighborhood in the 
Sobolev space > 1, s < 1 + of the steady distribution function, there 

exist nontrivial travelling wave solutions (BGK waves) with arbitrary minimal 
period and traveling speed. This implies that nonlinear Landau damping is not 
true in W'^ ('^ "'^ ~'~ p) ^P^*^^ ^^^^ homogeneous equilibria and any spatial 
period. Second, it is shown that for homogeneous equilibria satisfying Penrose's 
linear stability condition, there exist no nontrivial travelling BGK waves and 
unstable homogeneous states in some W^'^ > 1, s > 1 + neighborhood. 
Furthermore, we prove that there exist no nontrivial invariant structures in the 
H" (s > I) neighborhood of stable homogeneous states. In particular, these 
results suggest the contrasting long time dynamics in the (s > |) and H" 
(s < I) neighborhoods of a stable homogeneous state. 

In this paper, we generalize above results to higher dimensions {d — 2,3). 
Denote the fractional order Sobolev spaces by (R"*) or W^f^^ ((0, Ti) x R'') 
with p > l,s > 0. These spaces are the complex interpolation of of space 
and Sobolev spaces W"^'^ (m positive integer). Our first result is to construct 

(ID) BGK waves in W^f^ (s < 1 + spaces. 

Theorem 1.1 Assume the homogeneous distribution function 

fo {v) e W'-'P (R'^) f d > 2, p > 1, ,s e [0, 1 + - 



satisfies 

fo (v) > 0, / /o (v) dv = l, I v'fo (v) dv < 



Fix Ti > and c G R. Then for any e > 0, there exist travelling BGK 
wave solutions of the form f — fe (xi — ct,v) , E = (xi — ct) e\ to {IP, such 
that i^f^ (x\^v) ,Eg (xi)) has minimal period Ti in xi, fi. {xi,v) > 0, E^ (xi) is 
not identically zero, and 

ll/s-/olLi + rV \vf\f,ix^,v)-fo{v)\dx^dv+\\f,-fo\\^s^.^<s. 

(2) 
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In Proposition 12. 1[ we show that there exist no 2D and 3D BGK waves. 
Therefore, the form of ID BGK waves in Theorem 1 1.1 1 is somehow necessary. 



For any b > we denote iJ^'*" (R'') to be the ( 1 + \v\ ) weighted iJ* 
space, that is. 



f\ 



i + \vn (i-A)v 



< CO 



(3) 



L2(Rd) 



and 



L2(R<i) 



l + \v\') (l-A)V 

Let T*^ be a periodic box with periods Ti in Xi {i — 1, d) , and 
2d ^ 



2tt 27r \ , 

T^ji, ■■■ , jrk I I Ji, • • • , jd are mtegers 
We define the space H^-H^-''' (T^ x R'') by 

h= ^ e^^'-^hj:{v)EH:^^H:-' 



if 



< oo. 



- E 1^^ 

The following Theorem excludes any nontrivial invariant structures (steady, 
time periodic, quasi-periodic etc) near stable homogeneous equilibria in the 
H^^H^"''' spaces of high regularity. 



Theorem 1.2 Consider the homogeneous profile 

/o(«)ei?^-''(R'') (d>2, so>^, b>^ 



(4) 



Let T'^ he a periodic box with periods Ti in Xi (i = 1, • • • , d) . Assume that fo (v) 

satisfies the Penrose stability condition I123\) for (Ti, • • • , Td). Let ^/ (x, v,t) , E (x, v, t)j 

be a solution of ^^ in T'^. 
For any (sx^s^) satisfying 



d-3 , 3 

Sx > 0, Sx > ^ , and - < s„ < sq, 

there exists Eq > 0, such that if 

Hi^Hi^-'' for all t e R, 

then E{t) = d for all t e R. 



(5) 
(6) 
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In the above Theorem, the assumption Sx > is to make H^^ an algebra 
which would be needed in the proof of Lemma [3?3l The use of weighted Sobolev 
space H^'^ in Theorem 11.21 is rather natural in higher dimensions. Indeed, 
even to state the Penrose's stability condition (|23|) , we need to assume that the 
homogeneous equilibrium /o (w) G H'^°''' (R'^) with (sq, b) satisfying (j4]). This is 
because that linear instability (stability) of homogeneous equilibria of Vlasov- 
Poisson is longitudinal along the wave direction of perturbation. The weighted 
Sobolev space ^ is needed to ensure that the projected steady distribution 
function in any wave direction is in (R) (s > |) which is necessary to get 
the ID Penrose stability criterion. Moreover, in Theorem 12. II we also construct 
(ID) BGK waves arbitrarily near any homogeneous equilibrium in H^'^ H^^ ''{d > 
2, b > ^) for any > and < |. Combined with Theorem II. 2i 
this shows that for weighted Sobolev spaces H^'^H^'"^, the critical w— regularity 
for the existence of nontrivial invariant structures near a stable homogeneous 
equilibrium is Sy = |. This gives a generalization of the ID results in |3] to 
higher dimensions. We note that the critical regularity Sy = ^ does not depend 
on the dimension. This illustrates again the longitudinal (ID) nature of Landau 
damping, which is obvious in the linear regime. 

We briefly mention some differences of the long time behaviors of Vlasov- 
Poisson in ID and higher dimensions. For the ID case, numerical simulations 
(e.g. [4] [3]) indicated that for certain small initial data near a stable homo- 
geneous state including Maxwellian, there is no decay of electric fields and the 
asymptotic state is a BGK wave or superposition of BGK waves. Moreover, 
BGK waves also appear as the asymptotic states for the saturation of an unsta- 
ble homogeneous state ([Tj) in ID. These suggest that small BGK waves play 
important role in understanding the long time behaviors of ID Vlasov-Poisson 
system. However, for 2 and 3D Vlasov-Poisson, numerical simulations ([TT] |13) ) 
suggested that when starting near a homogeneous state, the electric fields decay 
eventually. Our Theorems 11.11 and 12.11 on existence of ID BGK waves show 
that such decay of electric field is not true for general initial data near homo- 
geneous states. But the numerical simulations seem to suggest that these ID 
BGK waves do not appear in the long time dynamics in 2D and 3D. To explain 
these phenomena, it will be interesting to understand the transversal instability 
of ID BGK waves. 

This paper is organized as follows. In Section 2, we prove the existence of 
ID BGK waves in W^'P (^s < I + neighborhoods of homogeneous states. In 
Section 3, we use the linear decay estimate to show that all invariant structures 
near stable homogeneous equilibria in H^'^H^^'^ spaces satisfying ^ are trivial. 
Throughout this paper, we use C to denote a generic constant in the estimates 
and the dependence of C is indicated only when it matters in the proof. 
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2 Existence of BGK waves in W'^p < 1 + 

In this Section, we construct nontrivial steady states (BGK waves) near any 
homogeneous state in the space WJ'P < 1 + We consider d = 2 only, 
since the proof is almost the same for d ~ 3. The BGK waves we construct 
are one-dimensional, that is, the steady distribution / = f {xi,vi,V2) and the 
electric field E — E {xi) e\. We will show that such a restriction is necessary by 
excluding 2D and 3Z) BGK waves. 

Proof of Theorem II. li We adapt the line of proof in [9 to construct 
BGK wave solutions for 2D Vlasov-Poisson equations. First, we modify /o iy) 
to a smooth function /i [y) with some additional properties. In the first step, 
let T] {y) (t; G R^) be the standard mollifier function. For (5i > define /^^ {y) = 

VSi (v) * fo (w), where jjSi (y) = -^rj (^j^^ ■ Then by the properties of moUifiers, 
we have 

fs, G (R) , fs, (v) > 0, / fs, (v) dv - 1, 
and when 5i is small enough 



ll/ii - /o|Ili(r2) + J^^ \v\ \fs, - fo\ dv + Wfs, - /o|Im/-p(R2) < g- 

Modifying fs^ (v) near infinity by cut-off, we can assume in addition that fg-^ (v) G 
H^''' (R2) (defined in ©). In the second step, let a (xi) = a {\xi\) be the ID 
cut-off function. Let > be a small number, and define 

fs,M [vi,V2) (wi,W2) 1 - CT ^ + a 



Then, 



&2j J \ 2 
JSi yvi,v2) - [ ' ' ^ 



fs,M G (R') > fs^M {v) > 0, / fs,M {v) dv= f Is, {v) dv = 1, 

and fsi,S2 {^^11^2) is even in vi when vi e [—(52, (52]. We show that: when S2 is 
small enough 

\\fSuS2 - /<5iI1l1(R2) + J ^ IfSiM - /<5il dv + - /<5iI1h'=.p(R2) ^ g- 

(7) 

A minor modification of the proof of Lemma 2.2 in ^ yields that: when 62 — >■ 0, 

ll/ii - /5i,52|Ili(r2) + \vf l/ii - /ii.asl dv + 11/5-1 - /5i,52llvKi.P(R2) ^ 0- 
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It remains to show that 

l|V ifs, - /5i,,5j|lvK-i,p(R2) ^ 0, when 82 ^ 0. (8) 



We have 



^ ,r . N ,'dy^fsA'>^iiV2) - dyJs^{-vi,V2)\ f Vl 
USi - JSi.52) - 7; cr 



and 



,r r ^ i'dyJsAvi,V2)+dyJs,i-Vl,V2)\ f Vl 

(Jvi [JSi ~ JS1J2) = 1 2 / 

, f Vl \ Vl fs, {V1,V2) - fSi {~Vi,V2) 



S2 J S2 2vi 
By a scahng argument as in the proof of Lemma 2.2 of [S] 

fSi {Vl,V2) - fSi {-Vi,V2) 



2vi 



— ll/Si llvF=-p(R2) 
lV=-i.P(R2) 



So ([5]) fohows from Lemma [2.11 below. Thus for fixed £ > 0, by choosing 61,62 
small enough, we get 



|!/5i,52 - /o|1l1(r2) + y^J^I l/5i,<52-/o| dv + \\fs,^S2 - fo\\w--P{R-^) - 

We set /i (wi,W2) = /^i.^a {'"11^2), then 

h{v)>0, A H e (R2) n (r2) ^ /■ 

JR2 

/i (w) is even for vi in [— <52,(52] and within | distance of /o (w) in the norm of 
([2]). Below, we denote a — 62/2. 

Fix the xi— period Ti > 0, we only consider the travel speed c = since the 
construction for any c £ R follows by the Galilean transform as in [9] . Our strat- 
egy is to construct BGK wave solutions of the form (/^ (a;i, vi, ^2) , (xi) ei) by 
bifurcation at a modified homogeneous profile near /i (vi,V2)- Denote a (x) = 
a {\x\) to be the cut-off function such that cr (x) € (R) , 

<a{x) <1; cr (a;) = 1 when \x\ < 1; o" (a;) = when \x\ > 2. (9) 

Similar to Lemma 2.1 in [9], there exists go {xi,X2) € C°° (R^) , go — Q when 
|a;i| > 4a^, such that 

/i ivi,V2) cr (^^^ = .go (wi, U2) ■ 
Define 5+ ixi,X2) , 5- (a;i,a;2) S C°° (R^) by 

{/i (±V^'2;2) (1 - cr (^)) +50 (a;i,X2) if xi > 

go{xi,X2) if -4a2 < xi < 

if 2^1 < -4a2 
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Then 



g+ {vl,V2) if ui > 
g- {vl,V2) if wi < 



/i {vi,V2) -- 

Since d^Ji (0,^2) =0, /i e C°° (R^) n H^''' (R^), we have 

dvi fi (v) 



-dv 



< 00. 



/R2 Vi 

Indeed, let /i {vi) = J^fi {vi,V2) dv2, then since /( (0) — 0, by CoroUarvl3.1 



Vi 



We consider three cases 



dv 



R Vi 



dvi 



<C\\fi\\ 



Case 1:4. < 



Fi (vi) = exp 



(wi - Wo)'' 



Let 



exp 



{vi + voy 



- Gr K 



and -Pz (W2) = e 2^2 ^ where vq is a large positive constant such that 

/ ^dv, > 0. 
Jr vi 

Let 7, (5 > be two small parameters to be fixed, define 



fl,5 (W1,W2) = — 



1 



C07' 



/l(^^l,«2) + |i^l (^^ )F2(i;2) 



(10) 



where Cq — J Fi (vi) F2 (^2) dv > 0. The rest of the proof is similar to the proof 
of Proposition 2.1 in [S]. We sketch it below. There exists < 61 < 62 such 
that for 7o > small enough 



< 



dvJj,S2 {V1,V2) ^^ < (—] < 



R2 



Vl 



Ti 



R2 



Vl 



dv, when < 7 < 70. 

(11) 

Let /3 (xi) be a Ti periodic function and denote e = — /3 (xi). We look for 
ID BGK wave solution 



near {f^^s,0), where 
/7,5(a;i,w) = 



<?+ (2e,«2) + iGi 
g_ (2e,«2) + iGi 



2e 
2e 



F2 M 

F2 {V2) 



if Vl > 
if ui < 



(12) 
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and (xi) — — /?' (xi). The steady Vlasov-Poisson equation is reduced to the 
ODE 



/3"= / fisi^^y) 



R2 



(13) 



1 + Cot' 
^ h^,5 [fi) ■ 



9+ (2e, V2) dv 



vi>0 



g- {2e,V2) dv 



vi<0 



rGi 



R2 



2e 



F2 {V2) dv 



Since 



hj,s (0) = / (v) dv-l = 



and 



h's (0) 



1 + C072 



iii>0 



dig+ {^1,^2) dv + dig- (uj, V2) dv + 

Jvi<0 



7 1 



G' 



R2 



< 0, when < 7 < 7o, Si < S < 62 



so /3 = is a center for the ODE p3|) and there exist bifurcation of periodic solu- 
tions. More precisely, for any fixed 7 G (0, 70) , there exists rg > (independent 
of (5 G ((5i, (52)) , such that for each < r < rp , there exists a T (7, 6; r) —periodic 
solution fi-y^s-r to the ODE with ||/?7,A-;r||^2/,i t./., = r. Moreover, 



27r 



T(7,(5;r) 



^(0,T(7,5;r)) 



R2 



dw, when r — >■ 0. 



To get a solution with the given period Ti, we adjust 5 G [61,52] by using 
the inequality (|TT|) and the fact that T (7, (5; r) is continuous to 5. So for each 
7, r > small enough, there exists (7, G ((^i, ^2) , such that T (7, 5ti t) = 
Ti. Define f^^r{xi,v) = /;^^^^^ {x,v), I3^^r{xi) = l3j,5Ti;r and let E^^r{xi) = 

—f3'^^{xi)ei. Then ^/^^^ (a^i, w) , (a^i)^ is a nontrivial steady solution to 
^ with Xi— period Ti. For any fixed 7 > 0, let 

(5 (7) = lini (5ti (7, r) G [(5i , (52] ■ 



F2 (W2) 



By the dominant convergence theorem, it is easy to show that 



lA.r (a;i,«) - /7,5(7) (w)||^i + 



JR2 



\fi,r{xi,v) - f^^5i^^){v)\ dxidv 



+ \\fl,r {X,V) - fj,S{'y) iv)\\^2,p 0, 
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when r = 11/37, r (2^i)|l/f2(Q j-^-j ^ 0. So for any 7 > and e > 0, there exists 
r = r (7, e) > such that 



Ti 

JR^ 



|/7,r - /7,5(7) (f)||^i + / / \v\^ \fy^r{xi,v) - f^^s(^^){v)\ dxidv 



II II ^ 

+ \\fl,r ix,v) - f^,s(j) {v)\\w2^P^ < -. 

Since 

and (5 (7) £ [(5i,<52], by using Lemma \TT[ for s < 1 + ^, 

||/l (v) - /7,5(7) (^)|lvF=.P(R2) ^ '^'^'^^ 7^0. 

It is also easy to show that 



'■^Ct) ^ / 1^1 /7,<5(7) (^^)| rfw — >■ 0, when 7 — )• 0. 

Thus we can choose 7 > smaU enough such that 

Ti II /i (v) - f^,si^) (i')llii + Ti \vf |/i (v) - f^_s(^) {v)\dv 

J-R? 

+ ||/i (^') - fi.s(i) (^)IL-p(R-^) < |- 
So the nontrivial steady solution {j^.r {xi, v) , i?7.,- (a^i)^ is within e distance of 
the homogeneous state ^/o [v) , 0^ in the norm of ([2|). 

Case 2: /^^^ '^"'^^''^ dv < (|?)^ Choose Fi (wi) = exp (-4) and F2 (va) 
is the same as before. Define fj,s (v) as in Case 1 (see ([T0|) ). Then there exists 
< (5i < (^2 such that 



R2 (^1 V-fl/ JR 

The rest of the proof is the same as in Case 1 . 

Case 3: J^, ^^^dv = For 5 > 0, define fs {vi,V2) = i/i {f,V2) 

For any e > , there exist < (5i (e) < 1 < (52 (e) such that 

J-R? VI \TiJ J^2 V 
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and when S <E {5i (e) , 62 (e)) , 

rill/i («)-/.-(«) Ti 



R2 



+ ll/i(«)-/5(«)llw=.P(R2) < :7- 



We construct steady BGK waves near (^fs (v) , 0^ , 
f^i^i,v)^{ f 



which are of the form 

f^+S'i r^Jn ^ e^U-H-i), (14) 
15- (iT,W2) if < ' 2 1 ^ ^ 



and = — /?' (xi) e\. The existence of BGK waves is then reduced to solve the 
ODE 



R2 



(15) 



As in Case 1, for any 5 G {5i (e) ^82 (e)) , 3 (e) > (independent of 5) such 
that for each < r < ro , there exists a T {S;r) —periodic solution /J^.^ to the 
ODE satisfying Wl^SyrW H2{o,T{S:r)) = ^ 



2tt 



TiS;r) 



dv, when 



0. 



R2 Vi 



For r smaU enough, again there exists STi{r,e) G {61 (e) ,62 (e)) such that 
T {St, ;r) = Ti. Define {xi,v) = (a^i, w) and Er,e (x) = -/^Sn;!- (^1) ^i- 
Then ^/r,£ (a;i, w) , Er.e ix)j is a nontrivial steady solution to ([T]) with a;i— period 
Ti. As in Cases 1 and 2, by choosing r small enough, fr^e (xi, v) is within e dis- 
tance of the homogeneous state (/o (v) , 0) in the norm of ([2]). This finishes the 
proof of the Theorem 11.11 H 



Lemma 2.1 (i) Given f & (Ti) Ci L°° (R) ,and 



geW'^PiR^) (p>l,0<s<- 



r/ien /or (5 > 0, 



/ [j-)g{vi,V2) 



W=.P(R2) 



0, w/ierj (5 — > 0. 



(16) 



("mJ Gwen /, 5 € W'P (R) > 1, < s < . T/ien /or S > 0, 



g{v2) 



0, when (5 — > 0. 
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Proof. Proof of (i): First we consider g S (^^)- By Fubini Theorem 
for (-f^^) norm (see [15]), we have 



/ (y) 5(«i,W2) 



< c 



f (y) (^'i>v2) 



f{j) I|5(^^1,^'2)|Ih'-''(R) 



By the estimates in the proof of Theorem 3.2 of [15], for any p > 1, s < i, 
when hi G W'P (R) , /12 € 1^^'^ (R) n L°° (R) , we have 

\\hih2\\^.,,p < C\\hi\\^,,^ (ll^2||^i,p + ||/i2|Il-) • 



So 



< C 



< C 

< C 



/ (y) 3(wi,«2) 



h\\ 



II.9II 



M 



14'i.P(R2) 



0, 



when S — >■ 0. Since ||/ (^) ||^;[/s.p(r^) — ^ under the assumption s < ^ (see f^j for 
a proof). By the trace Theorem, we also have 



/(^)ii.9(«i,-2)ii^,.(H)|L. ^^lk(T)ILji-'^i 



^0, 



when S ^0. This proves (|T6]) for g e C(f (R^). When g £ W'P (R^), (HU) can 
be proved by using {^^) functions as approximations. 
Proof of (ii): By Fubini Theorem for W^p (R^) norm, 



/(f)-'<-) 

< C 



M'=.P(R2) 



/It 



0, when S ^ 0. 



-J 



By the similar proof of Theorem ll.li we can get the following. 
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Theorem 2.1 Assume the homogeneous distribution function 



fo {v) e H^-" (K^) ( d > 2, 6 > e [0 J) 



fo (v) > 0, / /o {v) dv^l, / v^fo {v) dv < +0O 



satisfies 



Fix Ti > and c G R. Then for any e > 0, Sx > 0, there exist travelling 
wave solutions of the form f — fe {xi — ct^v) , E = {xi — ct) ei to such 
that (/e (xij-y) ji^e {xi)) has minimal period Ti in xi, fe {xi,v) > 0, E^ (xi) is 
not identically zero, and 



ll/e-/olLi + 



Ti 



l«l \fe{xi,v)- /o (w)| da;idw+||A - /o||^|x^=^,,6 < e. 

(17) 



Proof. The construction of BGK waves follows the same line of the proof of 
Theorem lLlI First, we modify /o (u) to a smooth profile /i {v). Then by adding 
proper perturbations in a scaling form to /i {v), we get the modified profile 
f^^s (v) ■ The BGK waves (/e (xi, v) , E^ {xi)) are obtained by bifurcation near 
{Ii,s {v) , 0) . To show the estimate PT)) . we need to control three deviations in 
the norm of (HZl): i) fe {xi,v)-f^^s (v) ; ii) fj,s {v)-fi {v) ; and iii)_/i (■y)-/o 
For the estimate of i), we choose integers Sx > Sx, Sy > Sy, and b > b and it is 
easy to show that 

ll/e {Xl,v) ~ fj^s < C'll/e {Xl,v) - f^^s («) II ,5 

and the right hand side can be made arbitrarily small by using the dominant 
convergence Theorem. For estimates of ii) and iii) , we use the following analogue 
of Lemma 12.11 H 

Lemma 2.2 (i) Given f [vi] G (R)nL°° (R) , g{vi,V2) £ H'^'' (R^) (O < s < i,6 > 
For (5 > 0, 



ff='''(R2) 



0, when 5 — > 0. 



(li) Given f,ge H''-'' (R) {O < s < l,b > I) . For 6 > 0, 



H=-''(R2) 



0, when (5 — >■ 0. 



Proof. First, we show that for any function h e H"^'' (R'') (d > 1, < s < 2, > i) 
the norm ||/i||//s,b(Rd) defined by ^ is equivalent to both 



/ 



(18) 
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and 



(19) 



We only need to prove the equivalence of the norms ([3]) and (ITSl) for s = and 
s = 2, since then for < s < 2 it follows from interpolation. For s = 0, it is 
trivial. For s = 2, by choosing a > small enough, we have 



(l + a (1 - A) / - (1 - A) (l + a j^l^)' / 



Thus 



< 



1 



f A[[l + a\v\ 

b 



1 +2V/- V l + a|i; 



L2(R'i) 
b 



L2 



l + a\v\'\ (1-A)/ 



L2 



(l + a|H')'(l-A)/ 



< 



< 



(1-A) [l + a\vfyf 
{l + a\vf)\l-A)f 



The equivalence of ([3]) and (|19p can be proved in the same way. 
Proof of (i): By Lemma [O (i) , 



/ (y) 5(i'i,W2) 



< C 



_ff=.f'(R2) 

when S^O. Since / (wi) G -ff^' (R) n L°° (R) and 



^0, 



2\'' 

l + \v\ j givi,V2) 



< C'||.g||H-t.(R2) < oo 



Proof of (ii): By using the equivalent norm ([T9| and Lemma [2. II (ii) 

^(t)^("^4-(r2) 
|(i+Kr+hr)/(f)5M 



< c 



< c 

— > 0, when (5 — > 0. 



_ff=(R2) 



ff=(R2) 

26 



if=(R2) 



ff=(R2) 



In the following, we show that there exist no truly 2D or 3D BGK solutions. 
Therefore, the ID BGK form of solutions constructed in Theorem II. H is in some 
sense necessary. 
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Proposition 2.1 (i) [d = 2) Assume n € (R) n (R+) , IJ.>0. If 
fo{x,v)^^i(^^\vf-(3ix)y Eaix)^-\7/3 

is a solution of the Vlasov-Poisson system, then Eq = 0. 
(ii) {d = 3) Assume n e (R) n (R+) , M > 0. // 

fo (a:i,a;2,'yi,'y2, V3) ^^ {\ ("^i + "2) ^ (xi,X2),V3^ , Eq (xi,X2) = {-d^iP, -d^^P, 

is a solution of the Vlasov-Poisson system, then Eq = 0. 

(Hi) {d = 3) Assume n e (R) , ^ > 0, fi{r)y^ G (R+) . // 

fo{x,v)=fi(^l\v\^-l3{x)y Eo{x)^~Wf3 

is a solution of the Vlasov-Poisson system, then Eq = 0. 

Proof. We only prove (i) since the proof of (ii) and (iii) is similar. The 
electric potential (3 satisfies 

- A/3 = - / \v\' -p] dv + l=gif3). (20) 



0) 



/R2 

By the assumptions on /i, we have g (/3) E (R) and 
9' {(3)^-l^^fi'(^l\v\'~l3ix)yv 

POO 

= 2tt fi' {s- f3)ds = -271 13) <0, 
Jo 

Taking xi derivative of (|20p and integrating with fi^-^^ , we have 
|V/?,J' dx^ [ 5'(/3)|/3,j'dx<0. 

So Jrp2 |V/3a:j|'^ dx = and fSx^ is a constant C. By the periodic assumption of 
P,C = and thus l3^, = 0. Similarly, =0. M 

Remark 2.1 In 2D and 3D, the function g {(3) defined in \2U\) always satisfies 
g' {P) ^ o.'^^d thus the elliptic problem \20) only has trivial solutions. For ID, 
the function g' (/3) can change signs and thus the existence of ID BGK waves is 
possible. We note that Proposition \2. 1\ does not exclude steady (travelling wave) 
solutions in 2D and 3D, which are not of BGK types. It would be interesting to 
construct or exclude nontrivial steady solutions not of BGK types. 



14 



3 Invariant structures in H^^H^-"'^ (s > |) 

First, we prove a technical lemma to be used later. 

Lemma 3.1 Given f (v) G H"''' {R'^) {d>2, s > 0, b> ^) . For any unit 
vector e e R**, let v = ae + w where v G R** and w -L e. Define 



e(")= / 



/ (ae + w) dw. 



Then 

for some constant C independent of e. 



ll/e-(a)llHa(R) < C'll/llH3,l.(R<i) 



Proof. To simplify notations, we only consider e = (1,0, 
a = vi and 



fe{vi) 



/ {v) dv2 - ■■ dvd- 



Let ^ = (^1 , • • • Cd) be the Fourier variable. Then 



\\h{vi)\\H^ 



(R) 



1,2 (R) 



< c 
= c 



(l + l6l')'/e(6) 

(i + l6l')'/(6,o,---,o) 



L2(R) 



/i'2<'(R<i) 



(l + b|^)'(l-A)*/ 



C\ 



(21) 



,0). Then 



L2(Rd) 



l_ff=.i'(R<i) • 



Here, the first inequality above is due to the trace theorem and that 2b > 



CoroUary 3.1 Given f (v) e H^'^ (R"^) {d>2, s > |, 6 > ^) . For any 

unit vector e £ JV^, we have 

(i) If ao is a critical point of fg{a), then 



da < C{d, s,b) ||/||ij».!,(R<i) • 









a — ao 



(a) For any a' G R, 



PI I^da 



/R a - a' 

where P is the principal value integral. 



<C{d, S,b) ||/||ffa,i,(Rci) , 
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Proof, (i) follows from Lemma 13.11 and the following Hardy inequality (see 
Lemma 3.1 of pi): If u (v) e W'P (R) > 1, s > , and u (0) = 0, then 





u (v) 




V 



dv <C\\u\\ 



for some constant C. 
Proof of (ii): Since 



R 



a — a' 
by Hardy inequality ([22 



2 in 



^(/e-(a + a') + /«(-« + «')) 



da, 



-dot 



R 



a — oc 



(22) 



< C (||/e-(a + a')llff.(R) + ll/e (-a + a')llH=(R)) 

< C'll/e-(a)ll_ff.(R) < C'|l/||jj,,,(j^d) (byLemmalM 



Next we derive the linear decay estimate in higher dimensions. We start with 
a generalization of Penrose's linear stability condition: Given /o (v) e H^'^ (R-'^) 
(d>2, s>|, fe>^^), 



"•eSg/lfcl Jr a-i^i 



-da > 0, for any fc G Z"*, 



(23) 



where -^|-| (a) is defined by (PT|) and 'S'^/|j:| is the set of all critical points of 



/o,fc/|fc| (") 



Remark 3.1 By Corollary \3.1l one only need to check the stability condition 
(23]) for finitely many k G Z"^ satisfying that 



< C{d,s,h) ||/o||^=,t,(Rd) 



In particular, for a single humped isentropic profile fo (v) = ^5 l^^l^^ with 
n' (e) < 0, the stability condition V23\] is satisfied for any period set (Ti, • • • , T^) . 

The next lemma is the linear decay estimate in a space-time norm, which 
generalizes the one dimensional result in The linearized Vlasov-Poisson 

system at an homogeneous state ~ {Jq {v) , 0^ is 



dtf + v-y.J -E-y,fo^Q, 
E = -V,0, -A0 = - / f dv, 



(24a) 
(24b) 
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Lemma 3.2 Assume fo (v) € H""'^ (R'^) (d > 2, sq > |, b> ^) and the 
Penrose stability condition \23\) is satisfied for x— period tuple (Ti, • • • , Td). Let 

^/ {x, v,t) , E (x, t)^ be a solution of the linearized Vlasov-Poisson system i24a\ l- 

{24b\l with X— period tuple (Ti, • • • , Td)- If g ^ with \sv\ < sq — I, then 



f-E{x,t) 



< 



Co \\f {x,v,0)\\jjs^j^s^.i 



(25) 



Proof. First, we reduce the linearized problem to the one dimensional 
case. Since the homogeneous component of f{x,v,t) remains steady for the 
linearized equation and therefore has no effect on E (x,t), we assume that / has 
no homogeneous component. Let 

f{x,v,t)^ J2 e*-/£(^,i) 



and the electric potential 



Then 



E{x,t)^-V,(j)-^ 
where E^ (t) — —ik4)j: (t). Denote e — k/ 



ik-x 



, then 



4 (t) = -ik^j: (t) = % (t) e 
where E'g (t) — —i k (t). Let v — ae + w where a € R, w -L e , and 

/fc = /feg-laj^) = / ff;{ae + w,t) dw 
The linearized Vlasov equation implies that 

0^dtfj: + v-tk fj:-E^-V,fo 
= <9t/fc + ia k /g - Ekdafo 

An integration of the w variable on above equation yields 

dth (a, t) +ia\k\ fj: (a, t) - Ekfis W = 0. 
The Poisson equation implies 



fT:iv,t) dv, 



(26) 
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and thus 



(27) 



R 



Equations (HH) and ^ imply that (^f^ (a, t) , E'fc (t)^ e*!*^!'' solves the linearized 

ID Vlasov-Poisson equations at the homogeneous profile /o,g'(a). Thus by the 
ID representation formula in [3] and the Penrose stability condition 
have 



2tt 



R 



Here, 



and 



G.(y + *0) = P 



-Fs{y + iO) 
/fc(a,0) 



R a- y 



Fsiy + iO)^P [ 

JR 

By the Penrose stability condition and 
/o,-(«) 



da + in ft {y, 0) 



da + iTr/' - (y) . 



P 



-da 



In a-y 

there exists cq > (independent of fc), such that 

2 



< C((i,s,fe) ||/o||^.,b(R,d) (Corollary EH]), 



Fe{y + iO) 



> Co 



Then by the same proof of Proposition 4.1 in j9], 



< C 



< C 



-3-2s„ 



/fc(«,0) 



So 



|3+2s„+2s^ 



< C||/(a::,w,0)||^=,^=„,b 



2 

L2 



/fc(^'0)||ff-'>(R'') 



we 



18 



Lemma 3.3 Assume fo (v) € H""'^ (R'^) (d > 2, sq > |, b> ^) and the 
Penrose stability condition i23\) is satisfied for x— period tuple (Ti, • • • ,Td). Let 

{j {x,v,t) ,E {x,t)^ he a solution of the Vlasov-Poisson system kla \) -l Wjl with 

X— period tuple (Ti, • • • ^Tj). 

For any [s^, s^) satisfying 0), there exists > 0, such that if 



11/ (0 - Mh^^^h'--'' < '^o, for all t > 0, 



then 



{1 + ty--^ E{x,t) 



r ^ H ' 



(28) 



Proof. Denote Lq to be the linearized operator corresponding to the Hn- 
earized Vlasov-Poisson equation at (/o {v) , 0), and E is the mapping from / {x, v) 
to E (x) by the Poisson equation (j24bp .It follows from Lemma that : For any 
0< < So - 1, iih{x,v) e i^|-i^^-^then 

\\{l + tY-£{e'^-h)\\ . <C\\h{x,v)\\^. . (29) 

Denote /i (t) ^ f (t) - fo, then 

dtfi^L^fi+E-d^fi. 

Thus 

/i (i) = e*^Vi (0) + e**""^^" • (7.) du = /un {t) + /„„„ (i) , 

and correspondingly 

E{t)^£ (/lin (i)) + £ (/„o„ (t)) = 4i„ (0 + ^non (0 • 

By the linear estimate (|29p . 



(1+i)'" '£;ii„(a;,i) 



(l + t)^"-^f (e*^»/i(0)) 
<C||/i(0)||^..„..., 
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and 



t2 h"^ 

{t>f)} 



H. 



dt 



2(s„-l) 



H 



3+3^ I dt 



< C 



{1- 




-1) 








i: 


[l + u] 


2(s, 








(1- 




-1) 


(1- 




-1) 


(1- 




-1) 



n2(s„-1) 



g(t-n)Lo . Qj \ ^^^^ 



• {u) 



2(s„-l) 



dudt 



e(t-n)Lo (E-d^h) 3+,^ dtdu 



E{u) 3+,^ ll/i {u)\\^s sy,du 



<Cei 



H. 
2 

3 ^_ 



In the above estimate, we use the fact that 



(! + (<- (1 + uy-'-''' du<C{l + t) 



2(s„-l) 



-2(s„-l) 



because of the assumption that St, — 1 > ^ . The assumption ([5]) ensures that 
the foUowing inequahty is true 



< C 



T 2 ff 

{*>0} =1= 



Thus 

{l + t'--^)E{x,t) 

< \il + ty--' Ennix,t) 
<C7||/i(0)||^..^.„,.+Ceo + 

By taking £o — we get the estimate 



Hi " " 



t2 tt^^ 



r2 ff^ 
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Theorem 11.21 follows from Lemma 13.31 and the time translation symmetry of 
the Vlasov-Poisson equation. Since the arguments are exactly the same as in 
the ID case ([S]), we skip the details. 

As a corollary of Theorem II. 2[ we get the following nonlinear instability 
result. 

Corollary 3.2 Assume fo (w) S H""-'' (R'*) (d > 2, so > |, b> ^) and the 

Penrose stability condition i2S\) is satisfied for the x— period tuple (Ti, • • • ,Td). 
For any {sx,Sy) satisfying 0), there exists £o > such that for any solution 

^/ (x, v,t) , E [x, t)j of the Vlasov-Poisson system IJa|) - JT&)) with x~period tuple 
(Ti, • • • , Td) and E {x, 0) not identically zero, the following is true: 

11/ {T*) - MHi^m^-' > ^0, for some T* e R. 

We can also study the positive (negative) invariant structures near (/o (v) , 0) , 
which are solutions ^/ (t) , E {t)j of nonlinear Vlasov-Poisson equation satisfy- 
ing the conditions © for all t > (i < 0). The next theorem shows that 
the electric field of these semi-invarint structures must decay when t — !■ +oo 
{t -oo). 

Theorem 3.1 Assume the homogeneous profile 

foiv)eH^^'{K'') (^d>2, so> I 6> ^ 

Assume that /o (v) satisfies the Penrose stability condition i23\) for (Ti, • • • , Tj) ■ 
Let (^f {x, v,t) , E (x, V, t)^ be a solution of {Ip in T''. 

For any {sx,Sy) satisfying there exists Sq > 0, such that if 

11/ W - /oIIh-h-." < £0, for allt>0 {or t < 0) , 

with 

II/(0)IIl°- < / / \vf f iO,x,v) dvdx < 00, 
— when t — !■ +00 (or t — !■ —00) . 

LI 

Proof. By energy conservation, 

/ / \v\^ f {x,v,t) dvdx + 

= / / \v\^f{x,v,0)dvdx+\\E{x,0)\\l2<C. 



then 



E{t,x) 



E{xX 
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Let j = J vf dv. When d — 2,we have 



\j{t)\^ 



I vf {t)dv < f \v\dv\\fit)\\^^ + i / \v\^fdv 

J J\v\<A ^J\v\>A 



'\v\<A ^J\v\>A 

<c^\\fmLr,J' + j [ \vffdv^<c\\fm\i^^ ( / iv^fdv 

by choosing 



A=( \vffdv/\\fm, 



Thus 



Since 



d_ 
dt 



\\j{xMj <C I I \v\'fdvdx<C. 



E [x, t) = I 3 [x, t) ■ E (x, t) dx 

< 4 \\E{x,t)\\Lt<C\\EM\\„l 



and by Lemma 13.31 



\\Eix,t)\\idt< il + t)-'^'-'Ut] (/ il + tf^~'^\\E{x,t)fAdt 



Hi 



<Ceo, 



thus limt 



E{x,t) 



L2 



exists and equals zero. When c? = 3, the proof is very 



similar. The estimates become 



and 



\\j{xM^i<c, 

X 



E{x,t)f^^_ < \\j{x,t)\\j \\E{x,t)\\Ll<C\\E{xM^I-,s 



dt 



The rest is the same. 
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